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Abstract. We consider the Euler–Darboux equation with parameters modulo
1
2
and generalization to the space 3D analogue. Due to the fact that the Cauchy problem
in its classical formulation is incorrect for such parameter values, the authors propose
formulations and solutions of modified Cauchy-type problems with parameter values:
a) α = β =
1
2
, b) α = − 1
2
, β = +
1
2
, c) α = β = − 1
2
. The obtained result is used
to formulate an analogue of the ∆1 problem in the first quadrant with the setting
of boundary conditions with displacement on the coordinate axes and non-standard
conjugation conditions on the singularity line of the coefficients of the equation y = x.
The first of these conditions glues the normal derivatives of the desired solution,
the second contains the limit values of the combination of the solution and its normal
derivatives. The problem was reduced to a uniquely solvable system of integral equations.
Introduction. Euler–Poisson–Darboux equations
Uxy +
β
y − xUx −
α
y − xUy = 0 (1)
are widely used in gas and hydrodynamics, shell theory, in various sections of continuum
mechanics.
Due to the fact that degenerate equations of hyperbolic type in characteristic
coordinates are reduced to the equation (1), many Soviet and foreign mathematicians
were engaged in the study of boundary value problems for the Euler-Darboux
equation. A detailed bibliography on this subject is contained in the monograph of
M.M. Smirnov [1]. The paper [2] provides a detailed analysis of the main results on the
formulation and solution of both classical and new modified [3] boundary value problems
for the equation (1).
The main results on the formulation and study of boundary value problems for the
equation (1) are obtained under the conditions imposed on the parameters of the equation:
0 < |α|, |β|, |α + β| < 1. Note that the Cauchy problem for the equation (1) at α = β,
0 < |β| < 1/2 in the classical formulation with conditions
lim
y→x+0
U(x, y) = τ(x), lim
y→x+0
(y − x)2β(Uy − Ux) = ν(x), y > x,
(τ , ν – given functions) is invalid when |α| = |β| = 1
2
due to the fact that either the
decision itself or its derivative in the normal direction (depending on the sign of β) on
the line of singularity of the coefficients of y = x goes to infinity.
1
In the present work, the authors propose to extend the formulation and solution of the
modified Cauchy-type problems [4–6] for equation (1) in the following cases: a) α = β =
1
2
;
b) α = +
1
2
, β = − 1
2
; c) α = β = − 1
2
(Problems C1, C2, C3, respectively).
In the problem C1 on the line y = x conditions are set:
lim
y→x+0
(y − x)(Uy − Ux) = ν1(x), 0 ≤ x < +∞, (2)
lim
y→x+0
[
U(x, y)− ν1(x)
(
ln
√
y − x+ ψ(1
2
)− ψ(1)
)]
= τ1(x), (3)
in the problem C2:
lim
y→x+0
U(x, y) = τ2(x), 0 ≤ x < +∞;
lim
y→x+0
[
(Uy − Ux)− d
dx
U(x, x)
(
ln
√
(y − x) + 2ψ(1
2
)− 2ψ(1) + 1
)]
= ν2(x),
0 ≤ x < +∞,
so in C3:
lim
y→x+0
U(x, y) = τ3(x), 0 ≤ x < +∞;
lim
y→x+0
[
(Uy − Ux)(y − x)−1 − d
2
dx2
U(x, x)
(
ln
√
(y − x) + ψ(3
2
)− ψ(3)
)]
=
= ν3(x), 0 ≤ x < +∞,
The problem C1 is solved by the Riemann method, C2, C3 are obtained from the
formula of the General solution of the Euler–Darboux equation.
On the basis of the obtained results the unambiguous solvability is proved a modified
∆S1 problem in the domain representing the first quadrant, with boundary conditions on
the coordinate axes and conjugation on the y = x line.
∆
S
1 Problem
On the set D find the solution of the equation, satisfying the conditions:
U(0, y) = ϕ1(y), 0 ≤ y < +∞, (4)
U(x, 0)− 1
Γ2(1
2
)
x∫
0
ν2(t) t
−1/2(x− t)−1/2 ln t
x
dt = ϕ2(x), 0 ≤ x < +∞. (5)
On the singularity line of the coefficients of the equation the matching conditions
ν1(x) = lim
y→x+0
(y − x)(Uy − Ux) = − lim
y→x−0
(x− y)(Ux − Uy) = −ν2(x), (6)
τ1(x) = lim
y→x+0
[
U(x, y)− ν1(x)
(
ln
√
y − x+ ψ(1
2
)− ψ(1)
)]
=
2
= lim
y→x−0
[
U(x, y)− ν2(x)
(
ln
√
x− y + ψ
(
1
2
)
− ψ(1)
)]
= τ2(x). (7)
Given functions ϕk, k = 1, 2 are underlineconditions: ϕk(0) = 0, ϕk(x) ∈ C(3)[0,+∞),
k = 1, 2.
The uniqueness of the solution of the ∆S1 problem follows from the uniqueness obtained
by the Riemann method, the solution of the modified Cauchy problem taken as a basis,
and the unique solvability of the system of integral equations obtained in the process of
solving the problem. The existence of the solution is proved by verification.
Conclusion
Solutions of three modified Cauchy-type problems for the Euler–Darboux equation in the
case of parameters equal modulo one second were received. Based on the solution of the
modified Cauchy problem, the unique solvability of generalizations of ∆1-problem with
data on coordinate axes and conjugation conditions on the singularity line of the equation
coefficients is proved. The solution of the problem ∆1 is obtained explicitly.
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